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ABSTRACT
We develop a semi-analytic model to explore different prescriptions of supermassive
black hole (SMBH) fuelling. This model utilises a merger-triggered burst mode in con-
cert with two possible implementations of a long-lived steady mode for assembling the
mass of the black hole in a galactic nucleus. We improve modelling of the galaxy-halo
connection in order to more realistically determine the evolution of a halo’s velocity
dispersion. We use four model variants to explore a suite of observables: the M• − σ
relation, mass functions of both the overall and broad-line quasar population, and
luminosity functions as a function of redshift. We find that “downsizing” is a nat-
ural consequence of our improved velocity dispersion mappings, and that high-mass
SMBHs assemble earlier than low-mass SMBHs. The burst mode of fuelling is suffi-
cient to explain the assembly of SMBHs to z = 2, but an additional steady mode is
required to both assemble low-mass SMBHs and reproduce the low-redshift luminosity
function. We discuss in detail the trade-offs in matching various observables and the
interconnected modelling components that govern them. As a result, we demonstrate
the utility as well as the limitations of these semi-analytic techniques.
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1 INTRODUCTION
Most massive galaxies in the universe harbour supermas-
sive black holes (SMBHs) at their centres (Kormendy &
Richstone 1995). Their existence has been confirmed via a
range of observational techniques - gas, stellar, or maser dy-
namics (see Saglia et al. 2016; van den Bosch 2016, for re-
cent compilations), including Sgr A* at the centre of our
own galaxy (Ghez et al. 2008; Genzel et al. 2010; Gillessen
et al. 2016). These studies have revealed correlations be-
tween SMBH mass and various host galaxy properties, the
most notable of which is the M• − σ relation, that relates
the SMBH mass to the velocity dispersion of the inner re-
gions of the host galaxy (Ferrarese 2002; Kormendy & Ho
2013). These relations are likely the result of SMBH and
host galaxy coevolution.
Yet it remains unknown how and when these relations
are established and if they evolve with redshift. In the con-
text of the larger structure formation model within which
black hole growth is embedded along with galaxy assembly
- the hierarchical, merger-driven model - one explanation
for this observed correlation is that SMBHs and their hosts
grow in concert over cosmic time. This could happen when
a major merger funnels gas to the centre of the galaxy, trig-
gering both an active galactic nucleus (AGN) and a cen-
tral starburst (Di Matteo et al. 2005). One clue supporting
this picture is the so-called “active galactic nuclei (AGN)
main sequence,” a linear correlation between SMBH accre-
tion rates and star formation rates inferred from SED fit-
ting that was first observed by stacking star-forming galaxies
(Mullaney et al. 2012). Others suggest that these relations
could simply be the result of the central limit theorem: it is
possible to create a correlation via many mergers of initially
uncorrelated SMBHs and host galaxies (Peng 2007; Jahnke
& Maccio` 2011). Observationally, it has been challenging
to determine the precise nature of the link between merg-
ers and AGN (Mechtley et al. 2016). It has been suggested
that perhaps only the most luminous AGN are triggered via
major mergers (Treister et al. 2012; Hong et al. 2015), al-
though models of this too are currently debated (Villforth
et al. 2017).
In order to trace how SMBHs grow, determining both
their mass functions and luminosity functions as they assem-
ble is paramount. The local SMBH mass function serves as
a boundary condition to the evolving population of SMBHs,
while luminosity functions inform us about its rate of change
over cosmic time. Two broad classes of models have emerged
using these constraints. On one hand, empirical “population
synthesis” models use the continuity equation to integrate
the local mass function backwards using luminosity func-
tions (Small & Blandford 1992; Haehnelt et al. 1998; Merloni
& Heinz 2008; Tucci & Volonteri 2017). On the other, semi-
analytic models (SAMs), start with an initial population
of high redshift black hole “seeds” and attempt to match
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constraints by integrating forward with physical prescrip-
tions for SMBH growth (Volonteri et al. 2003; Somerville
et al. 2008; Lacey et al. 2016). Both approaches have their
strengths and limitations, and they have provided us with
invaluable insights into modelling the SMBH population as
a whole while incorporating empirical constraints.
Semi-analytic models have typically struggled to repro-
duce luminosity functions and mass functions simultane-
ously for actively growing SMBHs, particularly at the high
mass/luminosity end. Natarajan & Volonteri (2012) com-
pare the mass functions generated by their SAM to both
empirical models of the overall population and broad-line
quasar (BLQ) masses of the active population. They find
that the SAM predicts a dearth of high-mass AGN (from
BLQ scaling relations) at high-redshift, but an overabun-
dance of high-mass SMBHs (from galaxy scaling relations)
at low-redshift. In other words, SAMs need to rapidly estab-
lish a population of > 109 M SMBHs at redshifts of z & 5,
but avoid overgrowing them by z = 0. SAMs embedded in
galaxy formation models are able to reproduce luminosity
functions, but only by invoking an ad-hoc sub-Eddington
cap on the accretion rate Hirschmann et al. (2012). Related
to this phenomenon is so-called AGN downsizing - the obser-
vation that the number densities of AGN with higher lumi-
nosities peak at higher redshift (Hasinger et al. 2005; Ueda
et al. 2014).
In this paper, we develop a SAM with the aim of im-
proving the match to bolometric luminosity functions and
mass functions simultaneously. In particular, we explore in
detail the basic set of physical processes that are required
to reproduce observables. Like many previous works, this
SAM takes a minimal approach to modelling galaxy evolu-
tion, instead focusing on the physics behind SMBH seeding
and growth via accretion. We explore a variety of modelling
ingredients, to take the relevant astrophysical processes into
account and select a few interesting sets of models that we
discuss in detail.
In §2, we first review previous modelling work in this
field. In §3, we describe the recipes utilised in the SAM,
including two new key ingredients: the inclusion of a long-
lived steady accretion mode and improved mapping of the
galaxy-halo connection in modelling the dark matter haloes
that harbour the assembling SMBHs in their galactic nuclei.
In §4, we discuss how each of our models fares at reproducing
the mass and luminosity functions over cosmic time. In §5,
we discuss the limitations of this work and the effects of each
of our modelling parameters. In §6, we summarise our work
and discuss prospects for future studies. Throughout, we
use the cosmological parameters of Planck 2016: Ωm = 0.31,
ΩΛ = 0.69, Ωb = 0.049, Ωk = 0, h = 0.68, σ8 = 0.82, and
n = 0.97 (Planck Collaboration et al. 2016). We use log to
denote a logarithm of base 10, and ln to denote a logarithm
of base e.
2 PREVIOUS MODELLING EFFORTS
Semi-analytic models link the formation and growth of
SMBHs to the evolving properties of their parent galax-
ies and/or dark matter haloes. Some embed the growth of
SMBHs within a full galaxy formation framework (Kauff-
mann & Haehnelt 2000; Somerville et al. 2008; Bower et al.
2010; Fanidakis et al. 2011). In such models, the SMBH
growth rate is often set to be proportional to the star for-
mation rate in the bulge, with the possible addition of a
long-lived, low accretion mode. Other models strive to make
minimal assumptions about galaxy properties, instead ty-
ing SMBH growth mainly to halo mergers (Volonteri et al.
2003, 2013). This approach allows for improved halo mass
resolution that enables the testing of different models for
seeding, accretion, and other processes, such as the detailed
dynamical evolution of binaries (Volonteri et al. 2008).
Briefly, we summarise some of the successes and chal-
lenges for these models.
• Discriminating Between Seeding Models: Cosmological
simulations normally lack the dynamic range in mass nec-
essary to resolve SMBH seed formation, the locations of
seeding sites and the subsequent accretion onto black holes
with masses much less than 106 M. Hence, semi-analytic
models are more efficient for studying the consequences of
different initial seeding models. Light seeds, such as those
formed from Pop III remnants, result in larger SMBH oc-
cupation fractions at z = 0 compared to heavy seeds, and
the M•−σ relation evolves with redshift in a much different
manner (Volonteri et al. 2008). Depending on the accretion
prescriptions employed, they may also struggle to reproduce
the high-luminosity end of the luminosity function at z ∼ 6.
• AGN-Triggered Growth: While initial modelling efforts
included only merger-driven accretion (Volonteri et al. 2003;
Somerville et al. 2008), newer models have included secular
accretion modes as well. These studies agree that most lo-
cal Seyferts can be fuelled by disk instabilities, but galaxy
interactions are likely required to trigger the most luminous
AGN with extremely high accretion rates (Hirschmann et al.
2012; Menci et al. 2014; Gatti et al. 2016).
• High-redshift Quasars: Nearly a hundred luminous
quasars have been found at z ∼ 6 (Fan et al. 2003) and
the high-luminosity end of the luminosity function has been
constrained (Jiang et al. 2016). Modelling the assembly of
these “monsters” usually involves computing merger trees
of highly biased ∼ 1013 M halos at z = 6. Studies have re-
vealed that growing SMBHs to these extreme masses is pos-
sible if super-Eddington accretion rates are allowed (Pezzulli
et al. 2016). Such rapid growth episodes can compensate for
the low duty cycle of these accretion events (Pezzulli et al.
2017; Prieto et al. 2017), as well as the loss of some SMBHs
due to gravitational wave recoil (Volonteri & Rees 2006).
• Assembling the Most Massive Black Holes: The assem-
bly of the most massive SMBHs (M• & 109 M) at ev-
ery cosmic epoch has been difficult to model successfully.
When comparing to mass functions derived from popula-
tion synthesis models or broad-line quasars detected by the
Sloan Digital Sky Survey (SDSS) for redshifts 1.5 < z < 4.5,
Natarajan & Volonteri (2012) found that that SMBH SAMs
systematically underproduced high-mass SMBHs at high
redshift, but overproduced them at low redshift. To solve
this problem, new accretion modes have been proposed. In
particular, it is well-established that secular, non-merger-
driven modes of AGN triggering are necessary, especially at
low-redshift (Hirschmann et al. 2012). The exact nature of
this secular mode remains an open question.
• Evolution of SMBH Spin: Included here for complete-
ness, SAMs are an effective tool for predicting the spin-
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evolution of SMBHs. Spin is thought to be relevant for a va-
riety of mechanisms, including the radiative efficiency of the
accretion disk (Sa¸dowski 2009); the powering of jets (Bland-
ford & Znajek 1977); and the emission of gravitational waves
during SMBH mergers (Lousto et al. 2010). Broadly speak-
ing, SMBHs are expected to spin up during periods of high
Eddington ratio, when the accretion disk can align with the
spin of the SMBH (Natarajan & Pringle 1998), and ran-
domise as the result of secular accretion or SMBH mergers
(Volonteri et al. 2005, 2013; Fanidakis et al. 2011). However,
these predictions are highly sensitive to ad-hoc assumptions
about the timescale of the alignment of the accretion disk
relative to the SMBH spin axis.
3 OUR SEMI-ANALYTIC MODEL
Like many other previous works, our SAM uses a Monte
Carlo merger tree as its backbone. The seeding and growth
of SMBHs are linked to the merger histories of their hosts.
Scaling relations are used to determine galaxy properties,
the most important of which is its central velocity disper-
sion.
3.1 Monte Carlo Merger Trees
We use standard techniques to generate merger trees within
the ΛCDM paradigm. For each realisation of the universe,
we generate 15 merger trees of 20 host halo masses sam-
pled logarithmically between 1011 and 1015 M at z = 0.
820 time steps are taken between z = 20 and z = 0, log-
arithmically sampling the expansion factor a = 1/1 + z.
Our SAM utilises the binary merger tree code of Parkinson
et al. (2008). Specifically tuned to the Millennium simula-
tion (Springel et al. 2005), this code has been shown to most
faithfully reproduce halo merger rates compared to other al-
gorithms (Jiang & van den Bosch 2014).
We make one adjustment to the code in order to resolve
the halos hosting SMBH seeds while limiting the size of the
merger tree. Our solution is to enable a redshift-dependent
resolution scheme, as has been done in previous work (Volon-
teri et al. 2003). At redshift z, the resolution of the merger
tree is set to
Mres = fresM0
(
1 + z
1 + z0
)−ζ
. (1)
where M0 is the host dark matter halo mass, z0 is the host
halo redshift, and fres is the fractional resolution at z = z0.
The redshift evolution slope ζ is given by
ζ =
log(fresM0/Mmin)
log[(1 + zmax)/(1 + z0)]
. (2)
where Mmin is the minimum halo mass resolved at the
maximum redshift zmax. Since we wish to resolve the ha-
los where SMBH seeding takes place, we set fres ≡ 10−3,
Mmin ≡ 5× 106 M, and zmax ≡ 20.
In figure 1, we plot the mass resolution of our SAM as a
function of redshift for 5 different host halo masses at z = 0.
The resolution continuously slopes towards the same value
at z = 20 for all masses.
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Figure 1. Redshift evolution of the mass resolution scheme. As
we note, the merger trees are designed to reach 5 × 106 M at
z = 20.
3.2 Halo Properties
3.2.1 Halo Spin Parameters
In models wherein a massive initial seed forms in a pristine,
gas-rich collapsed dark matter halo at high redshift - the
direct collapse black hole (DCBH) channel - there exists
an initial correlation between halo properties and that of
the SMBH. Halo spin parameters are drawn randomly from
a log-normal distribution with a mean of λ¯ = 0.05 and a
standard deviation of 0.5 (Warren et al. 1992). The evolution
of the spin parameter is not relevant in our model, as only
halos without progenitors are allowed to host seeds.
3.2.2 Virial Temperature
The virial temperature of a dark matter halo is directly re-
lated to its velocity dispersion, a property that is key in our
modelling of the putative hosts of SMBHs. Necessary once
again for our seeding model, virial temperatures are set to
those appropriate for an isothermal sphere (Mo et al. 2010).
This is given by
Tvir = 3.6× 105 K
(
Vc,iso
100 km s−1
)2
. (3)
Following the spherical collapse model, a halo of mass
Mh at redshift z has a circular velocity given by (Barkana
& Loeb 2001)
Vc,iso =23.4 km s
−1
(
M
108h−1 M
)2/3(
Ωm
Ωzm
∆c
18pi2
)−1/3
(4)(
1 + z
10
)1/2
,
where (Bryan & Norman 1998)
∆c = 18pi
2 + 82d− 39d2, (5)
d = Ωzm − 1, and
Ωzm =
Ωm(1 + z)
3
Ωm(1 + z)3 + ΩΛ + Ωk(1 + z)2
. (6)
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3.3 The Galaxy-Halo Connection
The key galaxy property our model requires is its central
velocity dispersion, σ, which is used in our scaling relation
that governs how growth of the SMBH is capped following
a major merger. We calculate σ based on the galaxy’s stel-
lar mass and effective radius. Stellar masses are estimated
assuming a stellar mass-halo mass relation from abundance
matching, while sizes are estimated assuming a stellar mass-
size relation.
3.3.1 Stellar Masses
A galaxy’s stellar mass is assigned as a function of halo
mass and redshift from the abundance matching technique
(Moster et al. 2013). The mapping is a broken power law
that is fit at each epoch. We note here that our model is
particularly sensitive to the slope of the stellar mass-halo
mass relation at the high-mass end, which determines the
abundance of the most massive and most luminous SMBHs
at every epoch. These models assume an intrinsic scatter of
0.15 dex in these relations. In our work, this scatter is folded
into an overall scattering kernel discussed in §3.8.
3.3.2 Effective Radii
At z = 0, we assume that a galaxy with stellar mass M∗
has an effective radius Re given by the size-mass relation of
Mosleh et al. (2013). Since we are only interested in the size
of the galaxy at the end of quasar activity, and we envision
a scenario in which quasars quench their hosts, we select the
relation followed by red galaxies. This is given by
Re(M∗, 0) = 10
−0.314M0.042∗
(
1 +
M∗
1010.537
)0.76
kpc. (7)
For z > 0, we assume that this relation evolves at the
high mass end (van Dokkum et al. 2010; Huertas-Company
et al. 2013). We devise a redshift-evolution scheme to match
the observations of Huertas-Company et al. (2013). This is
parametrised as Re(M∗, z) = Re(M∗, 0)f(M∗, z) with
f(M∗, z) = (1 + z)
γ(M∗) (8)
and
γ(M∗) = max
[
0,
1
0.85
(log10(M∗)− 10.75)
]
. (9)
This parametrisation ensures that the mass-size relation
does not evolve for low stellar mass hosts with log10(M∗) <
10.75, but Re(z) ∝ (1 + z)−1 for log10(M∗) = 11.6, as ob-
served.
Including this redshift evolution increases a high-mass
galaxy’s velocity dispersion at high redshift, promoting the
rapid assembly of high-mass SMBHs. For the highest-mass
galaxies in the model, σ is maximised at z ∼ 6, after which
it plateaus. We comment that increasing the magnitude of
this evolution much further can cause the average σ of the
most massive halos to unphysically shrink with cosmic time.
3.3.3 Central Velocity Dispersion
Given M∗(Mh, z) and Re(M∗, z) we can now compute
σ(M∗, Re). Our mapping of a galaxy’s central velocity dis-
persion from halo properties is the most important improve-
ment of this work.
Traditional approaches adopt an isothermal sphere to
model the density profile within these dark matter haloes,
where the velocity dispersion of an isothermal sphere is given
by σ = Vc,iso/
√
2. This approximation wildly overestimates
σ for galaxies at the centres of groups and clusters. We be-
lieve this is the primary reason that previous work overesti-
mates the abundance of high-mass black holes at low redshift
(Natarajan & Volonteri 2012), and we encourage modelers
to take special care when defining σ in future work.
Larkin & McLaughlin (2016) develop a framework to
calculate σ in equilibrium with Jeans modelling assuming
radial profiles for stars and the dark matter. We determine a
galaxy’s central velocity dispersion by adopting their fitting
function given below that takes into account the rearrange-
ment of stars as a function of redshift due to mergers and
stellar winds via the parameter Fej.
σ ≈ 0.389
√[
GM∗
Re
] [
(1 + Fej) +
0.86
f∗(Re)
]
(10)
Here, G is the gravitational constant, M∗ is the stellar mass,
Fej is a constant related to the accumulated ejecta from stars
over the lifetime of a galaxy, and f∗ is the ratio of stars to
dark matter within Re. M∗ and Re are determined as a func-
tion of halo mass and redshift as described in the previous
two sections. Then, as in Larkin & McLaughlin (2016), we
set (1 + Fej) = 1/0.58. Finally, f∗(Re) requires assuming a
profile for both the stars and the dark matter. We assume
that stars follow a Hernquist (1990) profile, appropriate for
elliptical galaxies, and the dark matter follows a Dehnen
& McLaughlin (2005) profile, with concentration as a func-
tion of mass and redshift determined from cosmological dark
matter simulations (Dutton & Maccio` 2014). More details
of this calculation can be found in Larkin & McLaughlin
(2016). Although one may not expect the Hernquist profile
to be appropriate for the lowest mass galaxies in our model,
we find excellent agreement with the observed stellar mass-
velocity dispersion relation for quiescent galaxies, confirmed
in Appendix A.
Figure 2 compares our prescription of a galaxy’s cen-
tral velocity dispersion with that defined for an isothermal
sphere at z = 0. Clearly an isothermal sphere vastly over-
estimates σ for galaxies at the centres of groups or clusters
as noted before. When mapping from halo mass to SMBH
mass, this discrepancy can balloon as σ is raised to the
fourth or fifth power.
In Figure 3, we trace back the average velocity dis-
persions as a function of redshift for galaxies that end up
in halos of a given mass at z = 0. Bootstrapped 1σ re-
gions from our 15 sets of merger trees are plotted. Our
model is shown on the left, while the evolution of isother-
mal spheres is shown on the right. Since the evolution of
SMBH mass traces the evolution of σ, downsizing emerges
naturally from our model: SMBHs in higher mass halos com-
plete their assembly earlier in cosmic time. The opposite is
true in the isothermal sphere model: σ steadily increases
MNRAS 000, ??–?? (2017)
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Figure 2. A comparison of central velocity dispersion in our
model with more traditional estimates using an isothermal sphere.
The isothermal sphere model vastly overestimates σ, and there-
fore M•, in galaxies in groups and clusters.
with time at the highest masses, while σ even unphysically
shrinks slightly at the lowest masses. We note that isother-
mal sphere models more easily reach high σ at z = 6, but
only at the expense of vastly overestimating σ at z = 0.
3.4 Dynamics
Since our picture includes dark matter halo merger triggered
accretion as well as black hole mergers , we track the mergers
of dark matter halos and relate them to black hole growth.
Dark matter halos merge on the dynamical friction time
scale. At the moment of halo merger, we assume that there
is a probability pmerge that the SMBHs merge as well. We
use a simple implementation of gravitational wave recoil.
3.4.1 Halo Mergers
Halo mergers occur on the dynamical friction timescale
(Boylan-Kolchin et al. 2008), given by
tmerge
tdyn
= A
(Mhost/Msat)
b
ln(1 +Mhost/Msat)
exp
[
c
j
jc(E)
] [
rc(E)
rvir
]d
(11)
with constants A = 0.216, b = 1.3, c = 1.9, and d = 1.0.
Here, Mhost is the mass of the host halo, Msat is the mass of
the infalling satellite, and tdyn is the dynamical time at the
virial radius, given by tdyn = 0.1H(z)
−1. For all orbits, we
assume typical values of the circularity and orbital energy,
given by j/jc(E) = 0.5 and rc(E)/rvir = 0.6.
A merger between two halos is considered “major” if
their halo mass ratio is at least 1:10, and “minor” other-
wise. In our scheme, if a minor merger occurs the satellite
is not tracked any further. That is, it falls out of our book-
keeping. It is assumed that such minor mergers do not trig-
ger accretion for the central SMBH, and that the SMBH of
the smaller galaxy is left wandering in the outskirts of the
halo, never to accrete again.
3.4.2 Black Hole Mergers
Once a major merger occurs, we assume that there is a prob-
ability pmerge that the SMBHs also merge, at exactly the
same time. We find that the parameter pmerge is required
to suppress the amount of growth due to SMBH mergers
at low redshift. Such a parameter makes physical sense, as
there will be delays in black hole mergers post host halo
mergers due to intra-galaxy dynamics. In our model, high-
mass SMBHs finish assembling early in cosmic time, and
SMBH mergers can dominate their growth at low redshift
without the addition of this parameter. We tune pmerge = 0.1
in order to allow for the rapid assembly of the most massive
SMBHs at z ∼ 6 without overgrowing them by z = 0.
Determining the time delay between halo merger and
black hole merger is a subject of active research. On galactic
scales, the time between galaxy merger and binary forma-
tion requires accurate treatment of dynamical friction in a
cosmological context. Recently, Tremmel et al. (2017a) have
computed these time intervals in the Romulus simulations
(Tremmel et al. 2017b), where the dynamical friction on
black holes is carefully determined. Including a more robust
treatment of SMBH dynamics will be the subject of future
work.
3.4.3 Gravitational Wave Recoil
In the early universe, gravitational wave recoil is capable of
ejecting black holes from their host halos (Yoo & Miralda-
Escude´ 2004). When two SMBHs merge in our model, we
compute the gravitational wave kick speed according to a
fitting formula derived from general relativistic black hole
merger simulations (Lousto et al. 2012). This formula re-
quires the spins of each SMBH, as well as the angles be-
tween each spin vector and the angular momentum of the
orbit. In our prescription, these angles are each drawn ran-
domly from a uniform distribution between 0 and 2pi. We
also do not track the spin evolution of SMBHs due to ac-
cretion, as doing so requires ad-hoc assumptions about the
alignment of the accretion disk with the SMBH spin axis.
Hence, when a SMBH is seeded, its spin parameter is also
drawn from a uniform distribution between 0 and 1, and
only future SMBH mergers are allowed to alter its spin.
Once the ejection velocity is calculated, it is compared
to the escape velocity of the galaxy, assumed to be vesc =
2Vc(Mh, z). If the ejection velocity exceeds the host halo’s
escape velocity, the SMBH is ejected from the galaxy, and it
joins a “wandering” population of SMBHs. We do not track
the orbital decay of these wandering SMBHs.
In our model, recoil does not have a strong effect on
SMBH assembly for two reasons. First, a SMBH’s growth
in our model tends to be limited by halo properties rather
than its own mass. Hence, if a SMBH is ejected, the next
one to take its place will grow to the same final mass (see
§3.7.1). Second, the number of mergers in our model have
MNRAS 000, ??–?? (2017)
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Figure 3. Evolution of velocity dispersion for galaxies that end up in halos of a given mass at z = 0. In our model, shown on the left,
higher mass halos attain maximum velocity dispersion earlier in cosmic time. This naturally results in “downsizing:” the most massive
SMBHs assemble earlier than less massive SMBHs. The opposite is true of halos modelled as isothermal spheres, shown on the right.
been suppressed due to the adoption of the parameter pmerge
to take into account the dynamical delays expected between
halo mergers, galaxy mergers and black hole mergers (see
§3.4.2).
3.5 Black Hole Seeding
There are currently two broad categories of SMBH seeding
models. Light seeds are hypothesised to originate from the
remnants of Pop III stars. These are naturally generated
from stellar evolution, but the masses of Pop III stars and
therefore their remnants have been decreasing in the latest
simulations (Hirano et al. 2014), making them difficult to
grow to 109 M by z = 6 − 7 (Alvarez et al. 2009). Heavy
seeds are thought to originate from the direct collapse of
primordial gas clouds. Such DCBHs require special physical
conditions, such as metal-free gas and Lyman-Werner pho-
tons that dissociate H2 molecules (e.g., Agarwal et al. 2016),
but can be much more massive than seeds generated by Pop
III stars.
Here, we focus only massive seeds – primarily DCBHs
or perhaps the Pop III remnants that have extremely
rapid early growth via processes suggested by Alexander &
Natarajan (2014). Seeds are allowed to form in our model
within the redshift range z ∈ [15, 20] in halos which lack
progenitors. We use the DCBH model of Lodato & Natara-
jan (2006, 2007) to determine seed masses. In this model,
mass infall to the centre of a dark matter halo is driven by
non-axisymmetric spiral structures in the proto-galactic gas
disk. The central mass accumulation, assumed in our model
to be the black hole mass, is given by
M• = mdMh
1−
√
8λ
mdQc
(
jd
md
)(
Tgas
Tvir
)1/2 (12)
if
λ < λmax ≡ mdQc/8(md/jd)(Tvir/Tgas)1/2 (13)
for the disk to be gravitationally unstable, and
Tvir < Tmax ≡ Tgas
(
4αc
md
1
1 +M•/mdMh
)2/3
(14)
to prevent fragmentation. Here, md is the fraction of total
halo mass in the disk, Mh is the mass of the halo, λ is the
halo spin parameter, jd is the fraction of the halo angular
momentum of the disk, Tgas is the gas temperature, Tvir is
the halo virial temperature, αc is a dimensionless parameter
representing the critical gravitational torque above which
a disc fragments, and Qc is the critical Toomre parameter
above which the disk is assumed to be stable. Based on the
results of previous studies, we set md = jd = 0.05 (Mo et al.
1998), αc = 0.06 (Rice et al. 2005), and Qc = 3
1 (Volonteri
et al. 2008). Tgas is assumed to be 5000 K, appropriate for
gas without metal coolants. The first of these conditions
ensures that the disk has low enough angular momentum to
trigger infall, while the second of these conditions ensures
that the disk does not fragment. If either of these conditions
is not satisfied, a black hole is not seeded.
1 The value of the Q-parameter that essentially tunes the forma-
tion efficiency of DCBHs in their work was taken to be 2. Here
we have increased it to Q = 3 in order to increase the occupation
fraction of SMBHs at the low-mass end.
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Refinements have been developed to our understand-
ing of seeding that are absent in our model due to the lack
of spatial information in our merger trees. In particular,
the formation of a DCBH requires a nearby Lyman-Werner
source that suppresses H2 formation (Oh & Haiman 2002).
The suppression of the formation of molecular hydrogen pre-
vents cooling and fragmentation as required. The halo must
also be free of metal pollutants to prevent fragmentation
(Clark et al. 2008; Ferrara et al. 2014). Finally, it was re-
cently noticed that the tidal field induced by the source of
the radiation field may disrupt a halo that would otherwise
be seeded (Chon et al. 2016).
3.6 Accretion and Radiation
A SMBH’s accretion rate is parameterized in terms of its
Eddington ratio, fEdd, defined by fEdd ≡ M˙/M˙Edd, where
M˙Edd =
4piGM•mp
σT c
≡ M•
tEdd
. (15)
Here, G is the gravitational constant, mp is the proton mass,
σT is the Thompson cross-section, c is the speed of light, and
 is the radiative efficiency, which we set to a constant value
of 0.1. Combining constants, tEdd ≡ 450 Myr. Consequently,
if a SMBH accretes at an Eddington ratio of fEdd from time
t to t+ ∆t, its mass changes via
M(t+ ∆t) = M(t) exp
(
fEdd
1− 

∆t
tEdd
)
(16)
while radiating with a bolometric luminosity of
L = fEdd ˙MEddc
2. (17)
3.7 Fuelling
We explore several options for our fuelling prescriptions. We
implement two fuelling modes, a burst mode triggered by
major mergers of the dark matter haloes, and a steady mode
that operates otherwise.
3.7.1 Burst Mode
Each SMBH is initialised with an accretion budget of 0 M.
When a major merger occurs, an amount of mass equal to
Mcap(σ)−M• is added to the SMBHs accretion budget. We
define
log(Mcap(σ)) ≡ α+ β
( σ
200 km s−1
)
, (18)
and tune the parameters α and β in order to reproduce
the local M• − σ relation, setting α = 8.45 and β = 5.
We note that β = 5 is appropriate for energy-driven wind
feedback (Haehnelt et al. 1998; Natarajan & Treister 2009;
King 2010).
While a SMBH’s accretion budget is non-zero, it ac-
cretes this mass at an Eddington ratio given by
fEdd = min
[
1, ln
(
Mbudget
M•
+ 1
)
tEdd
∆t

1− 
]
. (19)
That is, it depletes the budget as quickly as possible
during a time step, up to the Eddington limit. Our model
does not require super-Eddington episodes at high redshift,
since we assume that accretion can continue uninterrupted
in our models until Mcap is reached. At the highest masses, it
is Mcap, rather than the Eddington limit, that limits SMBH
growth.
3.7.2 Steady Mode
There are two reasons to include a second mode of growth in
the model. First, the burst mode drastically underestimates
the AGN luminosity function at redshifts z 6 1. Second, the
burst mode fails to grow SMBHs in halos of mass Mh <
1012 M to their appropriate mass. We explore two simple
parameterisations for this additional mode to address each
of these issues separately.
• A Universal Power Law: It has been shown that an Ed-
dington ratio distribution independent of stellar mass is suc-
cessful at reproducing the X-ray luminosity function at red-
shifts z . 1.2 (Jones et al. 2017). When this steady mode
is enabled, a SMBH with a depleted accretion budget is as-
signed a random Eddington ratio drawn from a power law
distribution. We assume that this power law is universal, in-
dependent of both M∗ and z. We tune this power law by-eye
to roughly match the z = 0.1 bin of the bolometric luminos-
ity functions. It is parametrised as follows
dp
d log fEdd
∝ fγEdd (20)
for log fEdd ∈ [−4, 0] and γ = −0.9.
This parameterisation, though it fails to properly describe
the redshift-evolution of the AGN luminosity function, pro-
vides insight into a steady mode which does not dominate
SMBH growth. Readers interested in estimates of redshift-
evolving Eddington ratio distributions, will find more robust
treatments in population synthesis models (Merloni & Heinz
2008). Redshift-evolving distributions of specific accretion
rates have also been derived from multi-wavelength surveys
(e.g., Aird et al. 2017), but these “instantaneous” accretion
rates may differ from the longer term accretion rates rele-
vant for SMBH growth due to AGN stochasticity (Hickox
et al. 2014).
• The AGN Main Sequence: Stacked observations of star-
forming galaxies reveal evidence for the existence of an
“AGN Main Sequence,” with SMBH accretion proportional
to star formation rate (SFR) (Mullaney et al. 2012). In this
model, we estimate the SFR of a SMBH host galaxy by
comparing its change in stellar mass between two time steps
and subtracting any mass gained via mergers. At every time
step, once a SMBH has consumed the gas in its allocated
budget (Mcap −M•) it is still allowed to continue accreting
as part of implementing the long-lived steady mode, at a
rate equal to SFR/103 until the next merger.
3.8 Modelling Accumulated Scatter
In this model, we have bridged the gap between halo mass
and black hole mass through the use of several scaling re-
lations. To summarise, we use the stellar mass-halo mass
relation to determine M∗(Mh, z), the size-mass relation to
determine Re(M∗, z), and the M• − σ relation to determine
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Mcap(σ). Thus far, we have neglected the scatter intrinsic to
these relations. However, properly accounting for the scat-
ter accumulated through these maps is crucial to accurately
calculating mass and luminosity functions.
We model scatter when determining mass and luminos-
ity functions by convolving our raw histograms with a scat-
tering kernel. This kernel is parameterised as a log-normal
with a fixed width σs. To determine the appropriate value
for σs, we calibrate our model to the local SMBH mass func-
tion. Following our scaling relations, we calculate the local
mass function analytically. The amount of scatter is then
tuned by-eye to obtain a reasonable match to the range of
acceptable mass function estimates (Shankar et al. 2009).
We then arrive at σs = 0.3 dex. Additional details of this
calculation can be found in Appendix B.
3.9 Four Model Variants
In this paper, we compare and contrast 4 different models,
described below.
• Burst: This model uses the burst mode without an ac-
companying steady mode.
• PowerLaw: This model uses the burst mode together
with the universal power law steady mode.
• AGNMS: This model uses the burst mode together with
the AGN main sequence steady mode.
• Iso: This model uses the same accretion prescriptions
as PowerLaw, but with the central velocity dispersion set to
that of an isothermal sphere, σ = Vc/
√
2.
These models each use 3-5 tuned parameters. We sum-
marise our choices in Table 1. To recap, α and β are tuned to
reproduce the local M•−σ relation. The power law parame-
ters are tuned to reproduce the z = 0.1 luminosity function,
while the AGN main sequence parameter roughly matches
stacked observations and grows low-mass SMBHs. Finally,
pmerge suppresses SMBH mergers so that our various mod-
els can reproduce the local M•−σ relation at the high-mass
end.
Figure 4 schematically summarises the modelling steps
taken to map from halo mass and redshift to the maximum
black hole mass for the burst mode in our model, as de-
scribed in the previous sections. The Iso model, and many
previous works, define σ based on the spherical collapse
model, whereas we attempt to define σ based on inferred
galaxy properties.
4 RESULTS
Our aim is to match the M•−σ relation, the local mass func-
tion, redshift-evolving luminosity functions, and the mass
function of BLQs. Simultaneously matching all of these ob-
servational data is the key challenge. In practice, the local
M• − σ relation is easiest to match, requiring the tuning
of only α and β of the mass cap (at least at the high-mass
end). If the M•−σ relation is matched, then the local mass
function for SMBHs is matched if and only if the mapping
Mh 7→ σ is correct. Luminosity functions are more difficult
to match, since this requires SMBHs to not only accumu-
late mass and grow but also radiate self-consistently. Mass
functions for BLQs are the final step in difficulty, since the
probability of a SMBH being observed as a BLQ is a func-
tion of both its luminosity and its Eddington ratio. We find
that none of the models discussed here can match all of these
observables perfectly. Of course, if one chooses to, param-
eters can be fine-tuned and added to provide an excellent
match to a given observable, but this is not the purpose of
this exercise. Given our limited set of physically motivated
parameters, we discuss the challenges in matching each com-
ponent, and determine which parameters drive the fit.
4.1 The M• − σ Relation
In Figure 5, we compare the M• − σ relation obtained from
our SAMs with a recent compilation of dynamically mea-
sured SMBH masses by (Saglia et al. 2016). The SMBHs
plotted here include all non-wandering SMBHs at z = 0,
which contains those in ongoing halo mergers. First, let us
consider the Burst variant, which includes our improved
model for σ(Mh, z). This model is able to reproduce the
massive end of the M• − σ relation, which indicates that
merger-driven, feedback-limited bursts are sufficient to ex-
plain the assembly of these SMBHs.
However, below a mass of approximately Mh ∼
1012 M, there is considerable scatter: some SMBHs make
it to the M• − σ relation, but most fall short. This is due
to the low-mass evolution of σ(z) as shown in Figure 3.
For low-mass halos, most of the evolution in σ occurs at
low-redshift, when mergers occurs less frequently. Since our
model requires a major merger to kick-start the burst mode,
SMBHs in halos that experience quieter merger histories at
low-redshift are more offset from the M• − σ relation.
Therefore, a second fuelling channel—the steady accre-
tion mode—is required to make up the difference for low-
mass SMBHs. The PowerLaw variant has a steady Edding-
ton ratio distribution tuned to match the z = 0.1 luminosity
function, as will be discussed in §4.3. Yet this variant does no
better than Burst at growing low-mass SMBHs. That is, the
same universal power law that can be used to match the local
luminosity function cannot also be responsible for growth at
the low-mass end. The AGNMS variant does a much better
job at assembling low-mass SMBHs, albeit with a flattening
of the slope at low masses. This slope change is a reflection
of the fact that 10−3M∗ > Mcap(σ) for low masses. However,
we shall see in §4.3 that although this growth mode is suc-
cessful at matching the M•−σ relation, it fails to reproduce
bolometric luminosity functions.
In the Iso model, we have tuned α and β to values which
keep the local SMBH mass density within reason. The com-
promise is necessitated by the fact that Iso predicts much
larger values of σ, and therefore M•, for group and cluster
scales. Interestingly, Iso does not have the same problem at
low masses that our improved model does, due to the fact
that σ(z) actually peaks early in the universe (and then un-
physically shrinks) for the typical 1011 M halo (see Figure
3).
4.2 Mass Functions
SMBH mass functions provide a view of the connection be-
tween SMBHs and their hosts, since each SMBH is weighted
by the abundance of its host halo. Once the M• − σ rela-
tion is reproduced and the mapping from Mh to σ is correct,
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Burst Steady: Power Law Steady: AGN Main Sequence Dynamics
Model α β log fEdd,min γ M˙•/SFR pmerge
Burst 8.45 5 0.1
PowerLaw 8.45 5 -4 -0.9 0.1
AGNMS 8.45 5 10−3 0.1
Iso 8.00 4 -4 -0.9 0.1
Table 1. Parameters tuned in our model for the four model variants discussed in this work. Burst parameters are tuned to M• − σ,
power law parameters are tuned to the local luminosity functions, the AGN main sequence parameter is tuned to roughly match stacked
observations, and the dynamics parameter is tuned to match M• − σ at high masses.
Mh
z
M⇤
Re
  M•
Moster+13
Mosleh+13
Huertas-Company+13
Larkin & McLaughlin 16
Varies,
e.g., Saglia+16
RN Model
Mh
z
Vc   M•e.g., Barkana & Loeb 01
Varies,
e.g., Saglia+16÷
p
2
Iso
Figure 4. From halo properties to black hole mass. This figure sketches the modelling steps taken to map from halo mass and redshift
to (maximum) black hole mass. In our model, we compute central velocity dispersion from inferred galaxy properties. In the Iso model,
and in many previous works, the central velocity dispersion is directly proportional to the circular velocity from the spherical collapse
model.
then the local mass function is matched. We compute SMBH
mass functions in our SAM as a function of redshift by bin-
ning SMBHs weighted by the number density of their z = 0
host halos. Since we generate 15 trees each of the same halo
mass, these are used to bootstrap error ranges. With this
done, the mass function is convolved with our scattering
kernel, a lognormal of width 0.3 dex, in order to account for
the accumulated scatter from the scaling relations we use
(see §3.8).
First, we display the local mass functions inferred from
our model in Figure 6. We compare our results to a com-
pilation of recent estimates of the local SMBH mass func-
tion, since the choice of scaling relations impacts estimates
of the local black hole mass function (Shankar et al. 2009).
At the high-mass end, all models except Iso are in excellent
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Figure 5. The local M• − σ relation in our SAM compared to observational data for our four models. Burst, PowerLaw, and AGNMS
agree at the high mass end, but only AGNMS can consistently grow SMBHs at the low-mass end to the M•−σ relation. The Iso variant
extends to far higher σ, and therefore M•, since this variant overestimates velocity dispersion in groups and clusters.
agreement. Yet below M• ∼ 108 M, both our Burst and
PowerLaw models fall short. This is a reflection of their in-
consistency in growing low-mass SMBHs discussed in §4.1.
The AGNMS variant, the one which best matches M• − σ,
produces the most accurate mass function.
Next, we compare the redshift-evolution of our mass
functions to the population synthesis model of Merloni &
Heinz (2008), shown in Figure 7. Merloni & Heinz (2008)
work backwards, integrating the local mass function to
higher redshift with bolometric luminosity functions. Note
that uncertainties in estimating the local mass function are
not taken into account in Merloni & Heinz (2008), and error
regions reflect only the uncertainty inherent in their mod-
elling. Our mass and luminosity functions include estimates
for the completeness of our merger trees. Shown here as a
dotted orange line, we display the SMBH mass above which
our trees are missing at least 50 per cent of SMBH hosts for
our non-Iso models. More details about this completeness
calculation can be found in Appendix C.
As redshift increases, all model variants predict different
evolution from the population synthesis model of Merloni &
Heinz. The Burst, PowerLaw, and AGNMS models evolve
very similarly. These variants produce high mass SMBHs
earlier and low-mass SMBHs later compared to the popula-
tion synthesis model. This is likely an improvement, since at
high redshift, this population synthesis model predicts fewer
high-mass SMBHs than we have observed BLQs (Natarajan
& Volonteri 2012). The Iso model predicts a much larger
abundance of SMBHs of all masses, especially at the high-
mass end. This is because SMBH growth tends to occur
earlier in cosmic time in this variant (see Figure 3), in ad-
dition to the fact that this model produces many SMBHs
with erroneously high masses.
4.3 Bolometric Luminosity Functions
Using similar techniques, we also generate bolometric lu-
minosity functions, shown in Figure 8. We compare to es-
timates of the bolometric luminosity function by Hopkins
et al. (2007) and Ueda et al. (2014). Here, our complete-
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Figure 6. Local mass functions generated by our SAM com-
pared to a compilation of estimates using various methods
(Shankar et al. 2009). Burst and PowerLaw underproduce low-
mass SMBHs. AGNMS best matches the M• − σ relation, and
therefore produces the most accurate mass function. Iso overpro-
duces high-mass SMBHs.
ness estimates are equal to the Eddington luminosity of our
limiting SMBH mass.
First, the Burst model is surprisingly capable of match-
ing the luminosity functions for z > 2. This indicates that
only the burst mode, with appropriate mass limits, is im-
portant for generating luminosity functions until the peak
of AGN activity. However, as z decreases further, the burst
mode becomes increasingly insufficient for triggering AGN.
This motivates the existence of a second mode of growth
that begins to dominate at low-redshifts.
The PowerLaw model is tuned to provide a reasonable
match at z = 0.1. Among our four models, it provides the
best match to these luminosity functions overall. It is most
discrepant at the high-luminosity end for redshifts between
z = 0.1 and z = 2. This indicates that a universal power-
law independent of both M• and z cannot reproduce the
luminosity function at all redshifts, which is unsurprising.
Indeed, the Eddington ratio distribution is thought to de-
pend both on stellar mass and redshift (Aird et al. 2017).
The AGNMS variant most faithfully reproduces the M•−σ
relation, yet this mode is clearly unable to reproduce the lu-
minosity functions for z < 2. In particular, it fails to produce
low-redshift luminous quasars, since the hosts of the most
massive SMBHs are not star-forming. AGNMS also overpro-
duces the low-luminosity end at all redshift, a reflection of
the flattening in the M• − σ relation at the low-mass end
seen in §4.1.
Finally, using the same steady mode as PowerLaw, Iso
performs surprisingly well for z 6 2. Given that the mass
function is incorrect, however, we consider this a coinci-
dence. For z > 3, Iso lies above the observations, mirroring
the behaviour of their mass functions.
4.4 Broad Line Quasar Mass Functions
Using line-width relations, mass functions can also be in-
ferred from broad-line quasars. These mass functions probe
the active and preferentially high-mass end of the popula-
tion. Since the probability of a SMBH being observed as
a BLQ depends on both its luminosity and Eddington ra-
tio, these mass functions are sensitive to the details of the
underlying Eddington ratio distributions. We do not tune
anything in our model in an attempt to match these mass
functions.
Additional modelling is required to compute the proba-
bility of a SMBH being observed as a BLQ. We follow Ueda
et al. (2014) to compute the probability that a SMBH is
unobscured given its X-ray luminosity Lx and z. We assume
the bolometric correction to the soft X-rays provided by the
fitting function in Hopkins et al. (2007), reproduced below.
Lbol/Lx = 10.83
(
Lbol
1010 L
)0.28
+ 6.08
(
Lbol
1010 L
)−0.020
(21)
Finally, we assume that all BLQs have an Eddington
ratio of at least 10−2. It is thought that broad-line regions
do not exist below Eddington ratios of approximately this
value (Trump et al. 2011). Our results are naturally sensitive
to the value chosen for this threshold, as well as the power
law parameters of the steady mode.
In Figure 9, we compare our results with the inferred
mass function of SDSS BLQs (Kelly & Shen 2013). Note
that our completeness limits become more prohibitive as z
increases. At z = 4.75, these limits suggest that most of
the progenitors of > 109 M SMBHs end up in halos with
masses in excess of 1015 M by z = 0. None of Burst, Pow-
erLaw, or Iso appear to be significantly preferred. However,
AGNMS clearly does not produce enough high-mass BLQs
at low-redshift, since it requires the hosts of the most mas-
sive SMBHs to be star-forming for a BLQ to be observed.
Despite the addition of a steady mode, PowerLaw does not
produce many more BLQs than Burst. This is due to the
minimum Eddington ratio threshold required for a SMBH
to be a BLQ in this model. Note that at z = 2.15, where
all of our models fall short, Kelly & Shen (2013) report a
discontinuity in the overall normalisation of their estimates,
thought to be due to an error in their completeness correc-
tion.
Using a model most similar to our Iso variant, Natara-
jan & Volonteri (2012) report a deficiency of high-mass
BLQs in their highest redshift bin, z = 4.25. Up to our com-
pleteness limits, we do not report a deficiency of the same
magnitude, perhaps due to accretion prescriptions that in-
crease the probability of SMBHs being observed as BLQ. In
general, our models are not overly discrepant with observed
BLQ mass functions. Improving this agreement would re-
quire fine-tuning of Eddington ratio distributions. In addi-
tion, higher-mass merger trees or alternative analytic tech-
niques may be required to fully probe the high-mass, high-
redshift population.
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Figure 7. Mass functions generated by our SAM compared to the population synthesis model of Merloni & Heinz (2008). Burst,
PowerLaw, and AGNMS produce high masses earlier and low masses later. Iso assembles most SMBHs early in the universe, and grows
the high-mass end last. Note that Burst and PowerLaw almost completely overlap.
5 DISCUSSION
We have developed a SAM which is able to reproduce bolo-
metric luminosity functions out to z = 6 for accreting black
holes while reaching the M• − σ relation at z = 0. Here
we highlight the significant consequences of choices made
in modelling components and their subsequent impact on
predictions.
5.1 Three Channels of Black Hole Assembly
In our model, SMBH mass assembly occurs through up to
3 different modes: a merger-triggered and feedback-limited
burst mode, a steady mode, and via direct SMBH mergers.
Here we discuss the regimes in which these three growth
modes operate.
5.1.1 The Burst Mode
The burst mode is responsible for the bulk of SMBH growth.
It rapidly increases SMBH masses to match the M• − σ re-
lation. This is especially important for high-redshift growth
to explain the existence of 109 M SMBHs at z & 4. The
amount of mass gained during the burst mode is a steep
function of σ, and therefore the evolution of M• is tied to
the evolution of σ. Recall that an emergent property of our
σ prescriptions is the assembly of the most massive SMBHs
before less massive SMBHs. At lower halo masses, a merger-
triggered burst mode seems incapable of growing the low-
mass SMBHs. This is due to the fact that at low halo masses,
σ, and therefore Mcap, grows most rapidly at low-redshifts,
when fewer mergers occur to trigger the burst mode.
5.1.2 The Steady Mode
The steady mode does not contribute to the growth of the
most massive SMBHs, but it may dominate the assembly of
the lowest mass SMBHs at low redshifts. Among our four
variants, only AGNMS is capable of assembling low-mass
SMBHs without overgrowing the high-mass population. This
is because high-mass SMBHs finish assembling early in the
universe, so additional growth modes that dominate at low-
redshift must preferentially affect low masses.
5.1.3 SMBH Mergers
SMBH mergers have the potential to contribute significantly
to the assembly of the most massive SMBHs, where the occu-
pation fraction is unity and the merger time-scales are short.
Consequently, SMBH mergers may increase the slope of the
M• − σ relation. This growth channel proved so effective,
in fact, that we were compelled to introduce the parame-
ter pmerge to suppress this growth channel for low-redshift,
high-mass SMBHs.
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Figure 8. Bolometric luminosity functions derived from our SAM compared to estimates in the literature (Hopkins et al. 2007; Ueda
et al. 2014). PowerLaw and AGNMS broadly agree with Burst for z > 2, indicating that merger-triggered, feedback-limited growth is
sufficient to explain the assembly of SMBHs until the peak of AGN activity. At lower z, the steady mode dominates and these three
models diverge. PowerLaw, tuned to the z = 0.1 slice, agrees best overall, whereas AGNMS does not produce low-z, high-L AGN. The
Iso model fares surprisingly well for z 6 2, even though it overestimates the abundance of high-mass SMBHs. For higher z, Iso lies above
the observations, indicating that it assembles SMBHs too early in cosmic time.
Figure 10 illustrates the assembly history of SMBHs in
our PowerLaw model. Here, the fraction of final mass assem-
bled is plotted as a function of redshift for a range of final
halo masses. As described above, high-mass SMBHs assem-
ble earlier than low-mass SMBHs. Note that SMBHs hosted
in 1011 M halos remain at masses comparable to their seed
masses in this variant. Consequently, these low-mass halos
may have preserved information about the SMBH seed IMF
(Volonteri et al. 2008; van Wassenhove et al. 2010).
5.2 From Model to Observable
Our model, and the SAM approach in general, contains a
myriad of interconnected components and degenerate pa-
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Figure 9. Mass functions of BLQs compared to those inferred from SDSS (Kelly & Shen 2013). These predictions are sensitive to the
details of the assumed Eddington ratio distribution. Our models do not fare too poorly, but better agreement could be achieved by
fine-tuning Eddington ratio distributions. Note that the overall jump in normalisation in the data at z = 2.15 is thought to be an artefact
of the completeness correction in Kelly & Shen (2013).
rameters that can be challenging to intuit. Here, we attempt
to provide an intuitive understanding of how each of our
modelling components affects our observables, namely mass
and luminosity functions. This section is summarised in Ta-
ble 2.
5.2.1 The Burst Mass Cap
As described in equation 18, the mass cap determines the
amount of mass gained during a major merger. It deter-
mines the maximum mass of the SMBH hosted in a halo of
a given Mh and z. The mass cap has two parameters, the
normalisation α and the slope β. These are tuned to pro-
vide reasonable matches to the local M•−σ relation. α and
β are degenerate with the parameters of the steady accre-
tion mode and the black hole merger probability. In order
to obtain high-luminosity quasars at high redshift without
overgrowing them by low redshift, α is tuned such that burst
accretion is the dominant mode of SMBH growth for high
masses. We note that β also has a minor effect in deter-
mining the slope of the luminosity function at high redshift.
Higher values of β inhibit the burst mode in low-mass halos,
resulting in a noticeably lower low-luminosity end.
5.2.2 The Steady Mode
The steady mode of SMBH growth dominates the luminosity
function at redshifts z < 2. We explore two possible imple-
mentations of this mode in PowerLaw and AGNMS. Our
power-law parameterisation of the steady mode has two pa-
rameters, the minimum Eddington ratio fEdd,min and the
slope dp/d log f . These two parameters are tuned by-eye to
match the z = 0.1 luminosity function, and are assumed for
simplicity not to vary as a function of either z or M∗. Con-
sequently, as z increases up to 2, we obtain worse matches
to the observed luminosity function. The parameters chosen
in our PowerLaw variant allows high-mass SMBHs to con-
tribute to the luminosity function without greatly increasing
their mass. However, the mass-independence of this mode
results in under-massive SMBHs in halos with masses less
than ∼ 1012 M at z = 0.
Alternatively, our AGNMS variant ties the steady mode
to star formation, which preferentially boosts the mass of
SMBHs in low-mass halos. In this model, the steady mode
is able to grow the SMBHs which the burst mode does
not due to the stochasticity of halo mergers. However, this
implementation does not produce any low-redshift, high-
luminosity quasars.
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Luminosity Functions Overall Mass Functions
High Redshift Low Redshift High Redshift Low Redshift
High Luminosity or Mass
Mass Cap
Burst Accretion
Steady Accretion
Mass Cap
Mass Cap
Burst Accretion
BH Mergers
Mass Cap
Low Luminosity or Mass
Mass Cap
Steady Accretion
Steady Accretion
Mass Cap
Burst Accretion
Mass Cap
Steady Accretion
Mass Cap
BLQ Mass Functions
High Redshift Low Redshift
High Luminosity or Mass
Mass Cap
Burst Accretion
Steady Accretion
Mass Cap
Low Luminosity or Mass N/A N/A
Table 2. The dominant modelling components that influence each observable. In each box, items are listed in order of importance.
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Figure 10. The assembly history of SMBHs found in halos of
different mass at z = 0. SMBHs in more massive halos assembled
earlier in cosmic time. In the lowest mass halos, SMBHs remain
near their seed mass. Such low-mass halos may preserve seeding
information.
5.2.3 Dynamics
In our model, halos merge on the dynamical friction time-
scale. When a major merger occurs, SMBHs also have a
chance to merge given by the free parameter pmerge. This
single parameter is introduced to suppress mergers as a
growth channel at the highest masses. Cosmological simu-
lations with more realistic treatments of dynamical friction
suggest that there may be significant delays between halo
merger and SMBH binary formation, on the order of Gyrs
(see recent results in Tremmel et al. 2017a). We also do not
take into account the hardening of SMBH binaries, although
gas dynamical friction, stellar scattering, and/or triaxiality
are thought to rapidly evolve binaries to the gravitational
wave regime. Investigating the effects of realistic coalescence
times will be the subject of future investigation.
5.3 What constraints are we missing?
Here, we comment on constraints from either observations or
simulations that would be most helpful in advancing semi-
analytic modelling.
5.3.1 The AGN-Merger Connection
In our model, mergers trigger the most voracious AGN, but
not all AGN are triggered by mergers. Mergers are respon-
sible for triggering rapid growth periods, which in turn es-
tablish the slope of the M• − σ relation. Their frequency
also regulates the duty cycle of these rapid growth periods,
while their stochasticity contributes approximately 0.15 dex
to the scatter in the M•−σ relation. In our model, mergers
do not occur frequently enough at low redshift for the burst
mode to consistently assemble SMBHs with masses less than
107 M. One way to solve this problem would be for other
processes besides mergers to trigger periods of rapid growth.
Currently, the field is unsettled regarding the role of mergers
in triggering AGN, and even if they do indeed trigger AGN,
we are unaware of a comprehensive study that constrains
the amount of mass gained during a merger in a realistic
cosmological environment. Advancements in both simula-
tions and observations will be extremely useful to test this
fundamental assumption in modelling. The definite test of
whether major mergers drive the black hole growth process
will be tested once the LISA experiment is launched and
gravitational waves emitted from these myriad mergers are
detected.
5.3.2 Long Term Growth Versus Short Term Variability
We have found that a steady mode tracing the star forma-
tion rate is sufficient to explain the low-mass end of the
local SMBH mass function, but the luminosity functions
predicted with this mode are highly skewed toward low-
luminosity. On the other hand, a steady mode tailored to
match the z = 0 luminosity function fails to grow the pop-
ulation of low-mass SMBHs. One possible solution to this
quandary is that the growth rate over ∼ 107 years may not
match the instantaneous growth rate inferred when a lumi-
nosity is measured.
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Variability on time-scales shorter than 106 years, some-
times called AGN “flickering,” may be important to con-
sider in future modelling (Hickox et al. 2014; Schawinski
et al. 2015). Observationally, there are few avenues avail-
able to directly probe these time-scales. Thermal and ioni-
sation echoes (“Voorwerpjes”) may contain the only direct
constraints to variability on these time-scales (Keel et al.
2012; Schirmer et al. 2013, 2016).
5.3.3 SMBHs in Low-mass Hosts
We have seen that various recipes for the the implementation
of the steady mode of SMBH growth can have significantly
different predictions for the low-mass end of the M• − σ re-
lation at z = 0. Additional statistics. more dynamical mea-
surements of SMBHs in dwarf galaxies will help constrain
this steady mode of growth. It would be interesting if either
the normalisation or scatter changed, and in this regard, it
is intriguing that the 105 M• SMBH, one of the lowest in-
ferred black hole masses, in RGG 118 lies on the M• − σ
relation(Baldassare et al. 2015).
6 CONCLUSION
We have explored the assembly of SMBHs by developing a
semi-analytic model to match the observed M•−σ relation,
mass functions, and luminosity functions with a variety of
physical recipes. We have explored 4 important variations of
this model (i) comprising only merger-triggered Eddington-
limited accretion; (ii) including a steady mode to match the
local luminosity function; (iii) including a steady mode to
match the local M•−σ relation, and (iv) with a galaxy-halo-
black hole mapping adopting the isothermal density profile
and consequent velocity dispersion profile. The most signif-
icant insights gained through this process are as follows:
• Isothermal spheres can perilously overestimate σ, and
therefore M•. Previous works grossly overestimate the abun-
dance of high-mass SMBHs at low redshift by setting
σ = Vc,iso/
√
2 (Natarajan & Volonteri 2012). More care-
ful derivations of σ are necessary to match the local mass
function.
• Galaxies with higher σ, and therefore M•, assemble ear-
lier in the universe. This arises from the redshift-evolution
of the stellar mass-halo mass relation and the mass-size re-
lation, and this is enables matching the properties of high-
luminosity, high-redshift AGN.
• There are trade-offs matching M• − σ versus matching
the luminosity functions. The steady accretion mode dom-
inates for z . 1, simultaneously determining the growth of
low-mass SMBHs and the luminosity function observed. We
find that a steady mode tuned to match the local luminosity
function (PowerLaw) fails to grow most low-mass SMBHs to
the M•−σ relation, while a steady mode capable of growing
these low-mass SMBH (AGNMS) fails to reproduce the lu-
minosity functions at all redshift. Perhaps the discrepancy
stems from the fact that the growth of SMBHs on long time
scales need not match the “instantaneous” luminosity ob-
served today.
• Intrinsic scatter that is not captured in the SAM cannot
be neglected. While the varied merger histories in our SAM
produce approximately 0.15 dex intrinsic scatter, the data
demand an additional 0.3 dex scatter. This is necessary for
producing objects of high mass and luminosity, as the num-
ber of density of SMBHs above ∼ 108 M is determined
mostly by the number of lower mass SMBHs that scatter
up.
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APPENDIX A: TESTING OUR VELOCITY
DISPERSION PRESCRIPTIONS
The velocity dispersion, σ, is used in our model to institute
a cap on the accreted mass for black holes during the burst
growth mode. Here, we verify that we predict accurate values
of σ for local quiescent galaxies. Figure A1 compares σ(M∗)
predicted through the various correlations exploited by our
model (as shown in Fig. 4) and the local relation from SDSS
(Zahid et al. 2016). Our model is in remarkable agreement
with this relation, parametrized as a broken power law.
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APPENDIX B: COMPUTING ADDITIONAL
SCATTER
Our model uses a series of scaling relations to forge the con-
nection between halo mass and black hole mass. Throughout
this process, we expect to accumulate some amount of scat-
ter that must be taken into account when constructing mass
and luminosity functions. Here, we describe the process by
which we use the local measured SMBH mass function to es-
timate the amount of scatter that needs to be injected into
our model.
The local SMBH mass function can be estimated from
various scaling relations to indirectly acquire SMBH mass
for a large number of SMBHs (see Kelly & Merloni 2012,
for a review). Assuming that each SMBH and its host fol-
lowed the relations in our model exactly, we can estimate
the SMBH mass function analytically. It is given by
dN
d logM•
=
dN
d logMh
d logMh
d log σ
d log σ
d logM•
. (B1)
The first of these derivatives is the halo mass function.
We calculate the second of these derivatives numerically fol-
lowing the recipes chosen in our model. The third derivative
is the slope of the M•−σ relation. Since we must choose one,
we select the relation obtained in Kormendy & Ho (2013),
log(M•/M) = 8.49 + 4.38 log(σ/200 km s−1).
We then convolve this mass function with a log-normal
kernel and vary its width by-eye until the observed SMBH
mass function is matched. The width of this kernel is then
defined as the total scatter that needs to be included in our
model. Figure B1 displays the results of this exercise. As
shown, we arrive at a total scatter equal to 0.35 dex, which
is reasonable as the M•−σ relation itself has comparable or
even greater scatter. As shown in figure 5, our model already
generates some scatter due to a variety of merger histories.
We measure this intrinsic scatter at approximately 0.15 dex.
Therefore, we convolve all mass and luminosity functions
generated by our model by a kernel of width 0.3 dex, which
upon summing in quadrature with 0.15 dex yields the final
desired 0.35 dex scatter.
Repeating this exercise for the Iso variant, for which
d logMh/d log σ is different, we find there is no value of the
intrinsic scatter for which the local mass function can be
reproduced. For self-consistency, we assume the same value
of scatter for this variant.
APPENDIX C: ESTIMATING BLACK HOLE
COMPLETENESS
Due to computational constraints, the largest halo in our
ensemble of merger trees has a mass of 1015 M. This places
a limit on the maximum SMBH mass generated by our SAM.
These limits are shown in Figures 7, 8, and 9. Here, we
outline how these limits are estimated.
The “correct,” unconvolved SMBH mass function at
each redshift is calculated via equation B1, using a halo mass
function from HMFCALC (Murray et al. 2013). The SMBH
mass function from our merger trees is then calculated using
a halo mass function computed by binning the halos in the
merger tree output files. Each of these is convolved with a
106 107 108 109
M [M ]
10 5
10 4
10 3
10 2
10 1
dN
/d
lo
gM
[h
3 M
pc
3 ]
Unconvolved
Convolved, 0.35 dex
Shankar+09
Figure B1. Analytic mass functions compared to the range of
observational estimates (Shankar et al. 2009), before and after
convolution. A total amount of injected scatter equal to 0.35 dex
is required for the best agreement.
lognormal with a width of 0.3 dex to account for scatter in
our scaling relations.
We then find the lowest SMBH mass for which the mass
function from the merger tree is below that of HMFCALC
by at least 50 per cent. This is defined to be the highest mass
for which the merger trees are complete, and the Eddington
luminosity of this mass is the highest luminosity for which
the merger trees are complete. As shown in Figure 8, the
most luminous quasars at z = 6 are missing from our model;
we predict that these would belong to the central galaxies
of superclusters today.
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